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SOME MEASURE-THEORETIC PROPERTIES OF 
U-STATISTICS APPLIED IN STATISTICAL PHYSICS 


Abstract. This paper investigates the relationship between var¬ 
ious measure-theoretic properties of U-statistics with fixed sample 
size N and the same properties of their kernels. Specifically, the 
random variables are replaced with elements in some measure space 
(A; dx), the resultant real-valued functions on being called gen¬ 
eralized IV-means. It is shown that a.e. convergence of sequences, 
measurability, essential boundedness and, under certain conditions, 
integrability with respect to probability measures of generalized IV- 
means and their kernels are equivalent. These results are crucial 
for the solution of the inverse problem in classical statistical me¬ 
chanics in the canonical formulation. 


1. Introduction 


Let (A; dx) be a complete cr-finite measure space with non-zero mea¬ 
sure dx, and let d k x be the completion of the product measure dx® k 
on A k for k E N. If 1 < m < N are integers, and u : A m —y R is a 
function, the generalized A-mean of order m with kernel u is defined 
in this paper as 





( 1 . 1 ) 


In the following, we investigate whether various measure-theoretic prop¬ 
erties of the kernels (such as a.e. convergence of sequences, measurabil¬ 
ity, essential boundedness, and integrability with respect to probability 
measures) can be deduced from the analogous properties of the general¬ 
ized means, and vice versa. Such questions arise in proving the inverse 
conjecture of statistical physics in the canonical formulation [Tj Ej. The 
inverse hypothesis states that there is a unique kernel u such that the 
potential of the form (II.ip (traditionally, without the scaling factor) 
produces a given m-particle density. Technically, the kernel u is sought 
as a miuimizer of a relative entropy functional. (Strictly speaking, a 
maximizer of its negative.) In the canonical formulation, when m > 2, 
the a.e. convergence and integrability are first proved for a sequence 
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of generalized A r -means and its a.e. limit, respectively [8]. Hence the 
need for the above mentioned equivalence. 

When m — 1, the inverse conjecture lies at the foundation of density 
functional theory (DFT) of inhomogeneous fluids [2], Its validity for 
m > 2, combined with the DFT approach, leads to new results in liquid 
state theory. (This will be explored in a later paper.) The inverse 
conjecture for m > 2 is also customarily assumed in coarse-grained 

modeling 013- 

Even though the questions addressed in this paper originated in 
statistical physics, the results may have broader value. Incidentally, 
if (xi,...,Xn) are replaced with random variables, the generalized N- 
rnean in (II.ip becomes a U-statistic. U-statistics were introduced by 
Hoeffding as unbiased estimators of regular functionals [4]. Since then, 
they have been extensively studied, and numerous applications have 
been found for them [5. 6J. In common statistical usage, the kernel u 
is given, and the limit properties of U-statistics are studied as sam¬ 
pling size N goes to infinity. These issues are different from the ones 
dealt with in the inverse problem. Nevertheless, it should be expected 
that some applications require a measure-theoretic setting in which the 
properties of U-statistics provided here are useful. 

The paper is organized as follows. In Section [2l it is proved that 
a sequence of generalized iV-means converges a.e. on A N if and only 
if the corresponding sequence of their kernels converges a.e. on A m 
(Theorem [273]). Despite its apparent simplicity, the ’’only if’ part of 
this statement is not easy to verify. The difficulty lies in the fact that 
convergence holds only a.e. on A N . This can be illustrated on a simple 
example. Suppose that G^ } iu n —* U everywhere on A N . Then, for 
every x G A, u n (x ) —* U(x ,..., x). However, the same approach cannot 
be used if the convergence holds only a.e. because the diagonal may 
be (and often is) a set of measure zero. 

The equivalence of measurability and essential boundedness of gen¬ 
eralized means and their kernels is established in Theorem 13.11 Section 
[4] is concerned with integrability issues. The general problem is as fol¬ 
lows. A symmetric probability density P on A N induces a marginal 
symmetric probability density p^ on A m upon integrating P with re¬ 
spect to any set of N — m variables. If 1 < m < N and 1 < r < oo, 
is it true that a generalized W-mean of order m is in L r (A N ; Pd N x) if 
and only if its kernel is in L r ( A m ; p^d m x) r ! While the ” if 7 part of this 
question is easy to verify, the ’’only if’ part does not hold in general 
fExample l4.ll) . However, an extra condition on P given in Theorem 14.31 
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ensures that the answer to the above question is positive. This condi¬ 
tion holds in some arbitrarily small perturbations in L 1 (A JV ; d N x ) (and 
in L°°(A n ; d N x), if measure dx is hnite, and P is essentially bounded) 
of any symmetric probability density (Theorem I4.5H . 

We will finish this section by introducing some terminology that will 
be used throughout the paper. 

Subsets of d k x measure zero will be called null sets, and their comple¬ 
ments co-null. The wording ”a.e.,” ’’null set,” ’’co-null set” will always 
be understood relative to the measure d k x, with k obvious from the 
context, and the same is true regarding the measurability of functions. 
If a set E C A k is measurable, its measure will be denoted \E\. 

We will also use the following definitions. Let 1 < m < N be 
integers. Then for any (x m+ i,..., Xn) € A N ~ m and any E C A N , the 
(x m+ i ,..., apv)-section of E is 

(1-2) E Xm _ (.ij—jXjv' • ••■5 %m) £ A . (xi,..., x N ) G EJ. 

To shorten the presentation, it is useful to define the operator Bn,™., 
transforming a set E rn C A m into a set Bi\r m E m C A^: 

(LS) 

B}{ t rnEm ■ 

{(xi,..., Xjv) e A N : (x h , ...,x im ) E E m V 1 < H <■■■< i m < A^}. 

Finally, for ease of future argument, we need to extend the definition 
of GN, m u to the case where 0 = m < N, and u = c G M. In this case, 
we define Gn,ou = c. 

It should be emphasized that, with the exception of Section 4, the 
kernel u in (II. ip is not assumed to be symmetric, as is customarily 
done for U-statistics. 

2. Almost everywhere convergence 

In this section we address the question of whether the a.e. conver¬ 
gence of a sequence of generalized means GN, m u n implies the a.e. con¬ 
vergence of their kernels u n . In particular, if this is true, then the a.e. 
limit of a sequence of generalized A-means is a generalized A-mean. 

The following two simple lemmas will be crucial for the development 
of all subsequent arguments. 

Lemma 2.1. Let 1 < k < N be integers, and let T k be a co-null subset 
of A k . Then, the set T N = B N)k T k is co-null in A N . 
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Proof. 

(2- 1 ) t n = P| T i u ...,i k , 

l<2l <---<2/ c <JV 

where T n . ik := ((x,. ...,x N ) e A ,v : (x h , ...,x ik ) e T k }. Therefore, 

( 2 , 2 ) 

\A N \T n \ < | AJV \ T u,-,u-| = (T) |(A fc \T fc )®A JV - fc | =0. 


Lemma 2.2. For any integers 0 < k < m < N, GN )m Gm,k — G^,k- 


Proof. If 0 = k < m < N, and u = c G R then, Gn, qU = c by definition. 
On the other hand, GN. m G m ^ti = Gpf iTn c = c. 

Suppose that 1 < k < m < N, and let u : A k —> R be any function. 
By a simple combinatorial argument 


(2,3) 

(G N ^ n Gm,kU) (^Cl) ...jX] v) 



/ m\ 1 fN — k\ 
\k J \m — kj 








u ( Xi n 

l<i\ <--<ik<N 


■■■i x ik) ~ GN,k (*^1) ■■■, x n)- 


□ 


The first equality follows because for every 1 < i\ < • • • < ik < N, 
the term u(xi 1 , ...,Xi k ) appears exactly times. 

Theorem 2.3. Let 1 < m < N be integers,and let ( u n ) 6e a sequence 
of finite functions on A m . Then fhe following is true. 

There is a finite function U on A N such that G^, m u n -> U a.e. if 
and only if there is a finite function u on A m such that u n —>■ u a. e. 

Remark 2.1. The statement is still true with U, u and u n are a.e. 
finite. However, we chose them to be everywhere finite to avoid clut¬ 
tering the proof with non-essential details. 

Proof of Theorem II?. 31 Since there is nothing to prove when m = N, 
we will assume that 1 < m < N. Suppose first that there exists 
a finite u such that u n —* u on some co-null set E m C A m . Then 
the set En = C A N is co-null by Lemma 12.11 Moreover, 

GN,m u n ► G]sr^ m U Oil E N . 

Conversely, suppose that there exists a finite U such that GN, m u n —>■ 
U on some co-null set E C A N . 
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Case 1: m — 1. Let us fix (x 2 , xn) G A^ 1 such that |A \ Ex 2 ,...,x N \ 
0. (This is possible because the a.e. section of a co-null set is co-null 
by the Fubini-Tonelli theorem [3j Theorem 2.39].) By the definition of 
the set E, for every x G Ex 2t . mm> x N - 

N 

(2.4) u n (x) + y\„fe) ->• NU(x,x 2 , ...,x n ). 

3 =2 

Thus, for any (y u ...,y N ) G Eg^- N : 

N N N 

(2.5) niVi) T N ^ ~] U n {Xj') y N y ~] U(Z/j, X 2 , • •., 3?jV), 

i=l j=2 i= 1 

where we have summed (j2.4[) over z after replacing a: with z/j. Let 
us fix (■ yi,...,y N ) G Eg^ ^~ N D E. Then, (I2.5H holds together with 

Eili u n(Vi) ->■ NU{y-i, ...,y N ). Thus, 

V JV 

(2.6) y^u n (fi) ^2u(yi,x 2 ,...,x N ) ~~U{y 1 ,...,y N ) =: C. 

2=2 2=1 

Using this result in (12.41) . we finally obtain: 

(2.7) u n {x) -y NU(x,x 2 ,...,x n ) - C Vi G 4,...,^. 


Case 2: 2 < m < N. The proof for this case will proceed by in¬ 
duction on m. Let us define M := min(m, N — m). Suppose that 
the ’’only if’ statement of the theorem is true for m — 1. By the 
Fubini-Tonelli theorem, we can fix (x m+ i,..., xn) G A N ~ m such that 
|A m \ Ex m+ i,...,xjv| = 0- By the definition of the set E: 

(2.8) iG]\f tm u n ) (■, x m +\,..., X]\f) y Ui ", x m +i ,..., xjy) on 


Using the functions ^ : A m k —y M, 1 < k < m — 1, and constants 
Vn' 1 G M defined as: 


v. 


( m—k ) ._ 


y ^ ^ n (' ■ X' !n . j j . ■ ■ ■, X 7n . j ^ ) if 1 < fc < TYl 1, 

l<j\<—<jk<N-m 

V n^ - = ^ 1 u n{x rn ^-j 1 , X m +j m ), 




(2.9) 
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the left hand side of (12.81) can be rewritten as 
' N\ 

N,m^"n) ('; %m-\- 1) ■■■) %N) 


( 2 . 10 ) 


m 


Ur 


M 

E 

k =1 


m 

m — k 


KJ m,m—k u n 


By Lemma [272], 1 < k < m. Thus, the 

right hand side of (I2.10j) simplifies to: u n + (G mim _iw n ), where ut n : 
A m_ i —y R is 


( 2 . 11 ) 


Wn := 


fc=l v 7 


Then, in view of (12.81) . we obtain that 

(2.12) u n T G mm -iU} n ^ ( j ('(’, ■■■) *Liv) on A 

\m J 


Xm-\-l j X]y ‘ 


The set 12 = B N ^ m E Xm+1 ^__ jXN C is co-null by Lemma [2711 Moreover, 
applying the operator GV, m to both sides of (12.12j) . gives that on 12: 


T Gn ,mG rn,m— lW„ — 


(2.13) 


GjV.m^n + GjV, m -lW n -> I J G]y trn U(-, X m +l, •••, 7(v)- 


(Lemma 12.21 was used in the equality.) Since (12.13j) and GM, m u n —» (7 
both hold on 12 fl A, we further obtain that 


(2.14) 


CrN,m—l^n ~> 



(7jV.m(7(•, , • • •, xjy) (7 on 12 D E. 


Now, the induction hypothesis implies that there is a finite function 
oj : A 771 ^ 1 —* R such that cu n —$■ ui a.e. Further, by the ”if” statement 
of the theorem there is a co-null set E m C A m and a finite function 
(f) : A m —* R such that G m!m -iUJ n —$■ <f> on E m . Using this result in 
(12.12[) . we finally obtain: 


(2.15) 


'U'n 





(7(-, x m _|_i,..., xtv ) 0 on 7/ m D E Xrn + 1 _., XN . 


□ 


Corollary 2.4. Let 1 < m < N be integers, and u be a finite function 
on A m . Then, GN, m u = 0 a.e. if and only if u = 0 a.e. In particular, 
the linear operator G^,™. is injective. 
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Proof. It is easy to verify, using Lemma [2711 that G^.-mU = 0 a.e. if 
u = 0 a.e. For the converse, let us define a sequence (v n ) by v n = u if 
n is odd and v n = 0 if n is even. Since —> 0 a.e., Theorem 12.31 

implies that there is a finite function v on A m such that v n —> v a.e. 

Then, v = u = 0 a.e. by the definition of sequence ( v n ). □ 

3. Measurability and essential boundedness 

Theorem 3.1. Let 1 < rn < N be integers, and u : A m —)■ R be a 
function. Let U := GN, m u. Then, 

(i) U is measurable if and only if u is measurable. 

(ii) U G L°°(A n ; d N x ) if and only ifu G L°°(A m ; d m x). Moreover, there 

is a constant C(N , m) such that < | |u| \ 0 o,d m x < C(N,m)\\U\\ oo d N x , 

withC(N, 1) = 1. In particular, GV,m is an isomorphism from L°°(A m ; d m x ) 
onto a closed subspace of L°°(A N ■, d N x). 

Proof. ” In particular” part is the direct consequence of Theorem 12.31 
and Corollary 12.41 The conclusion holds trivially for m = N , so let 
us assume that 1 < m < N. Since the proofs of (i) and (ii) are very 
similar, we will only show (ii). However, it will be clear that (i) is 
established by a shorter version of the same argument. 

Suppose first that u G L°°(A m ] d m x). Then, U is a finite sum of 
measurable functions. Namely, U = where 

Ui 1 ,...,i m (xi,~;X N ) ■= u(x h , ...,x im ). Moreover, the set E m C A m on 
which |u| < 11u||oo,d m x is co-null. It follows that \U\ < ||u||oo,d m x on the 
co-null set B N ^ m E m C A N , and so ||H| 1^ ^ < | \u\ |oo,d-x- 
Conversely, suppose that U G L°°(A N ] d N x). 

Case 1: rn — 1. The Fubini-Tonelli theorem implies that there is 
(x 2 ,...,x N ) G A^ -1 such that [/(•, x 2 , ..., x N ) = u(-) + 2 u (%i) G 

L°°(A; dx)), and so u G L°°(A; dx). 

Next, we will show that |||oo,rfa: = 11^1 loo d N x- y i ew °f the ”if 7 
part of the theorem, it suffices to prove that ^jv^. > ||«||oo,dx- 

Let s := ess sup u, and S := ess sup U. For every e > 0, the measure 
of the set := (i G A : u(x) > s — e} is strictly positive. Since the 
set E \= {(aq,..., x N ) G A^ : U(xi, ..., x N ) < S} C A N is co-null, it 
follows that | H E\ >0. Moreover, for every (x\, ...,x N ) G D E, 

S > U(xi ,..., xn) > s — e. Thus, S > s. Similarly, ess inf U < ess inf 
u, and so \\U\\ oo4Nx > ||u||oo,di- 

Case 2: 2 < m < N. The proof will proceed by induction on m. 
Suppose that the ’’only if’ statement of the theorem holds for m — 1. 

The Fubini-Tonelli theorem implies that there is (x m+ i, ..., xn) G A N ~ m 





such that U(-,x m+ i, ...,xn) 6 L°°(A m ; d m x), with 

(3.1) | \U{', X m +lj Xn) | |oo,d m x 11^1 loojd^a;. 

By the proof of Theorem 12.31 (see (12.81 - 12.121) ), there is u : A m_1 —» R 
such that 

/ j\T\ 

(3.2) I )[/(•, 3?m+l j • ■ ■; 3? jv) ^ 1 Gr m m —iUJ. 

\m J 

Applying Gjv, m to both sides of (13.21) . and using Lemma [2T2l yield: 

(3.3) G]\f m _iUj f J G Nm U(-, ,..., Xjy ) U. 

\rn J 

Therefore, by the ”if” statement of the theorem and (13.11) . Gm^iOJ G 
L°°(A N -,d N x), with 

(3.4) 

| \GN,m-l^\ 5: 11^(') %m+ 1; ■■•5 X jv) 11 oo,d rn x + M oo,d N x 


< 


N 


m 


+ 1 ) | \U\ loo, d N a 


Then, the induction hypothesis implies that uj G L°°(A m 1 ; d m 1 x), 
and 


(3.5) 11^| \oo,d m ~ 1 x G C(N, m — 1) A 1^ 


),d N x 


for some constant C(N, m — 1). Next, using the ”if” part of the theorem 
again, we infer that G^m^uj G L°°(A m ; d m x ), and ||G mim _iCo>|| o0)dma , < 
|M|oo, d m ~ 1 x- This result, together with (13.2ft . (13.ip . and (j3.5[) . yield 
that u G L 00 (A m ]d rn x), and 

< N\ 

| | G (y ', X m -\-l , • • •, X]\T ) I Iqq dm x T I 11 oo,d rn ~ 1 x 


|^| |oo,d m a; ^ 


(3.6) 


m 


< 


(1 + C(N, m - 1)) + C(N, m - 1) 


ll^llc 


iA 


□ 


4. Integrability 

Let N > 2 and P be a symmetric probability density on A N . That 
is, P is a nonnegative, symmetric function, and J a n P = 1- For every 
1 < m < N, the marginal probability density on A m is defined as 

(4.1) p (m) := / P(-,x m+1 , ...,x N )dx m+1 ■ ■ -dx N a.e. on A m . 


J^N—m 

















9 


Note that pGo is symmetric a.e. on A m . In this section we will discuss 
the relationship between integrability of generalized TV-means with re¬ 
spect to measure Pd N x and integrability of their kernels with respect 
to measure p^d m x. 

It is easy to convince oneself that u G L r (A m ; p ( ' m ' , d rn x ) implies that 
GN,mU G L r (A N ]Pd N x) for 1 < r < oo. However, the converse is not 
obvious and, in fact, is not true in general. This situation is illustrated 
with the following example. 


Example 4.1. Consider a cr-hnite measure space (A; dp), where A = 
N, and dp is the counting measure. Let us define the probability density 
P on A 2 by the formula: 


(4.2) P(i,j) := 

Then, P is symmetric, and 


TOF if I* - Jl = 1 
0 if \i ~ j\ 7^ 1 


(4.3) 





1 

(2s + l) 2 


< CX). 


(That f A2 Pd 2 p 1 is immaterial.) For every i > 2, the marginal 
probability density p^(i) is calculated to be 


(4.4) 


P ( 1 ) (b> = 

3 = 1 


1 , 1 ^ 1 

(2 i + l) 2 + (2 i - l) 2 > (2i + l) 2 ' 


Let us define u : A —* M by u(i) = 2(—1 ) l i. Then, | u(i) + u(j)\ 
whenever |i — j \ = 1. Thus, using (14.2p and (14.4p . we hnd that 


(4.5) 

but 

(4.6) 



P\G2AU\d 2 p 




1 

(2i + l) 2 


< oo, 


p^luldp > 2 


OO 


7 J (2s + 1) 2 


= OO. 


2 


In spite of Example 14.11 an extra condition on P ensures that a gen¬ 
eralized TV-mean of order m is in L 1 (A JV ; Pd N x ) if and only if its kernel 
is in L\A m -,p^d m x). The generality of this condition is addressed in 
Theorem 14.51 We begin with two lemmas that will be used in the proof 
of Theorem 14.31 the main result of this section. 


Lemma 4.1. Let 1 < m < TV — 1 be integers, A C A be a subset of 
positive measure, and 7 : A —> (0, 00 ) be a measurable function. If, 

(4.7) p {rn+1 \x i,...,x m+ i) > 7 (x m+ i)p (m) (a;i, ...,x m ) 
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for a.e. (xi,..., x m+ i) G A m ® A, then 

(4.8) p (m) (x > 7 (x m )p (m_ 1 ) (xi, 

for a.e. (xi, ...,x m ) G A m_1 <g) A. 

Proof. Let E rn+ \ c A m+1 be a co-null set such that (14.7H holds on 
E m+ 1 D (A m <g) A). By the Fubini-Tonelli theorem, there is a co-null set 
E rn C A m such that for every (xi,..., x m _i, x m+ f) G E m both sides of 
(14.71) are integrable functions of x m , and the section (E m+1 ) xl} _ jXrn _ liXm+1 C 
A is co-null. If (xi,..., x m _i, x m+ i) G E m D (A m ^ 1 < 2 )A), and x m G 
(E m+ i) xl ,..., Xm _ UXm+1 , then (xi,..., x m+1 ) G E m+1 n (A m ® A), and so in¬ 
equality (14.71) holds. Thus, integrating both sides of (14.71) with respect 
to x m , and subsequently renaming m + 1 with m yield: 

(4.9) p (m) (xi, ...,x m ) > 7 (x m )p (m_ 1 ) (xi, ...,x m _i) 

for every (xi, ..., x m ) G E m D (A m_1 ® A). □ 

Lemma 4.2. Let 1 < m < N — 1 be integers, A C A be a subset 
of positive measure, and 7 : A —» (0, cxd) be a measurable function. 
Suppose that 

(4.10) P(xi,...,x N ) >'y(x N )p (N ~ 1 \x ll ...,x N -i) 
for a.e. (xi, ..., x^) G A ^ 1 < 8 > A. Then, 

(4.11) P(x i,...,Xjv) > t(xjv) • • - 7 (xm+i)p (m) (xi, ...,x m ) 
for a.e. (xi, ..., xjv) G A m 0 A N ~ m . 

Proof. Inequality (14.lip clearly holds when m — N — 1. Suppose that 
it is satisfied for some 2 < m < N — 1. We will show that it then holds 
for m — 1 , and so the lemma will follow by induction. 

Using Lemma 14.11 we infer from (14.101) by induction that 

(4.12) p (m) (xi, ...,x m ) > 7 (x m )p (m- 1 ) (xi, ...,x m _i) 

for a.e. (xi, ...,x m ) G A ™^ 1 ® A. Therefore, in view of (14. lip . 

(4.13) P(xi, • ■ ■, x N ) > 7 (xjv) • ■ - 7 (x m )p (m_ 1 ) (xi, ...,x m _i) 

for a.e. (xi, ..., xjv) G A ™" 1 ® A N ~ m+1 . □ 

Theorem 4.3. Suppose N >2 is an integer, and that for every x^ in 
some subset A C A of positive measure, there is a constant 7 (x^v) > 0 
such that 

(4.14) P(-, xat) > 7 (xiv)p ( ' Ar_1 - ) a.e. onA N ~ 1 . 

Let 1 < m < N be integers, 1 < r < 00 , and u : A m —y M be a function. 
Define U := G^, m u. Then, 
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U G L r (A N ; Pd N x) if and only if u G i/(A m ; p^d m x). 
there is a constant C := C(N,m,r, P) such that 


'-,Pd N x — 


m 


r,p 


(m)^rr 


Moreover, 


is an 


< C\\U\\ r Pd N x . In particular, G ^,i 
isomorphism from L r ( A m ; d m x) onto a closed subspace of L r (A N ; d N x). 

Remark 4.1. The condition on P at the beginning of Theorem 14.31 can 
be replaced with another, seemingly stronger, but in fact equivalent, 
assumption. To be specific, we can assume that 

(4.15) P > Cg) 7 a.e. on A ^ -1 ® A, 

where A C A is some subset of positive measure, and 7 : A —> (0, 00 ) 
is a measurable function. 

Indeed, the condition on P stated in Theorem 14.31 is equivalent to: 
ess inf /(-, x^) > 0 for every G A, where / is a measurable function 
on A N defined by 

P/(p (7V - 1} ® 1) if p (N ~ 1} ® 1 > 0, 

1 if p^" 1 ) ® 1 = 0 . 

Moreover, (14.1411 holds with 'y(x^) replaced by ess inf /(-,xjv), a mea¬ 
surable function. However, if 7 in (14. 14)1 is dx measurable, then g := 
P — p^ -1 ) (g) 7 is d N x measurable. Let T := {(aq,..., xn) G A n : 
g(xi ,..., xn) > 0}. Arguing by contradiction, it is easy to see that 
(A ^ -1 <g> A \ T\ = 0, i.e. (I4.15P holds a.e. on A ^^ 1 ® A. 

Proof of Theorem \4- A The ” in particular” part is the direct conse- 

and Corollary 12.41 Since there is nothing to 


(4.16) 


/ = 


quence of Theorem 
prove when m = N, we will assume that 1 < m < N. 

For the ”if’ part of the theorem, suppose that u G L r (A m ; d m x). 
Then, 


r,Pd N x 


IA N 


I G N , m u\ r P < 


(4.17) 


N 


-1 


E 


m / '—• / a jv 


| u(x h , ...,x irn )\ r Pdxi ■ --dx N = 


\u\ r p {m) 


= \\u\ 


r,p( Tn )d T ’ 


For the ’’only if’ part, we will use the condition on P, as stated in 
Remark |4~T1 Suppose that U G L r (A N \ Pd N x). Since 7 is positive on A, 
there is £ > 0 such that the set A e := (x G A : 7 ( 0 :) > e} has positive 
measure. Thus, in view of Lemma [4.21 for every 1 < m < N — 1: 

P(x 1, ...,x N ) > 

7(xn) ■ ■ ■7(x,n+l)p (m) (xi, ...,X m ) > £ N ~ m p (m) (x 1, ...,x m ) 


(4.18) 
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for a.e. (xi,...,xn) G A m ® Af T m . Note, that \A e \ < oo because the 
integration of (14.181) gives 1 > f A m^ A ^-m P > (e\A e \) N ~ m . 

Lemma 4.4. Let a := (e|A e |) _1 . For every 1 < m < N — 1, the set 

TN-m ■— • ••, %n) G A ^ m : 

(4.19) U(-, x m+ i ,..., xn) is measurable and 
\\U(-,x m+1 , ...,x N )\\l^ m)dmx < cn N ~ m \U\\ r r Pd N x } 

is not a set of measure zero. In particular, it is not empty. 

Proof. Suppose that \T N _ m \ = 0. This means that 

(4.20) \\U\\ r r . Pd ^<a m - N t \U(-,x m+1 ,...,x N )\ r p^d°'x 

J A m 

for a.e. (x m +i ,...,xn) G A^~ m . Integration over A?~ ' m in the last 
inequality, and (14.18ft give: 

(4.21) 

\\U\\r iPd rt x < P~ m f \U(x 1 ,...,x N )\ r p (m} (x 1 ,...,x m )d N x 

J h 7 n ®Ae~ m 

<[ v \U\ r Pd N x<\\U\\^ PdNx , 

a contradiction. Thus, T Af _ m can not be a set of measure zero. □ 


Case 1: m — 1. Let us fix (x 2 , ...,xn) G T/v_i, a non-empty set by 
Lemma [4.41 Then, 


N 

(4.22) NU(-,X 2 , ■■■,xn) = u + u(xf) u + c. 

i=2 


By the definition of the set T Af _ l given in (14.191) . 


(4.23) 11 b^(', X 2 i •••, X j\r) | \r,p( 1 '>dx - ® r | \C\ \r,Pd N x- 

To get an estimate on c, let us apply GV,i to both sides of 14.221 with 
the result c = NGn A U(-, x- 2 , ..., Xn) — U. Then, the ”if’ part of the 
theorem and (14,23ft imply that 


c 


< N\\G NA U(-,X2, ...,X N )\\ r ^ Pd N x + \\U\ \r t Pd N x 


— N\\U(-,X2, ..., 


< 


Na r + 1 


*^hv)ll r,pWdx T 11 U\\r,Pd N x 
11 C\ \ r,Pd N x • 


(4.24) 
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Finally, we infer from (14.221) . (14.2311 . and (14.241) that 

11^11 r,pWdx — A)I A(', ^2) ■■■) Fjv) | Ir.pWdz “I - 1^1 
(4.25) / N -1 \ 

< ^2Aci! »■ + lj ll^llr.Pd^x- 

Note that the constant in the round brackets depends on P through a. 

Case 2: 2 < m < N. Similarly to the proofs for this case in the 
previous two theorems, we will use induction on m. Suppose that 
the ’’only if’ statement of the theorem holds for m — 1. Let us fix 
(x m+ i, ..., xn) G T N _ m , a non-empty set by Lemma 031 As was shown 
previously, (see (12.81 - 12.12]) ), there is lu : A m_1 —» M such that 


(4.26) 



U(‘, ••■5 Xn') 


^ T G m rn — 1 UJ. 


By the dehnition of the set T N _ m given in (14. 19j) . 

(4.27) I \U (■, X m +i, ..., Xn) I \r,p( rrl ')d m x — a r 1 \G\ \r,Pd N x- 

An estimate on \\G m)rn _iL>j\\ r ^ m ) d m x will follow by induction. Applying 
Gn, 7 u to both sides of (I4.26j) and using Lemma 12721 yield: 


(4.28) 


G 


N,m— 



Gj^^mU (', X m -\-i , ..., Xtv) U. 


The last equation shows that Gy m _iu is measurable. In addition, 
using the ”if’ statement of the theorem and (14.271) . we estimate: 


(4.29) 


f N \ 

11 1^ | \r,Pd N x — ( y ) 11 ', Un+1, ■■ ■, *Lv) | \r,Pd N x T 11 U\\r,Pd N a 


< 


< 


N 

m 

N 

771 


11 A(‘, X m -^i , ■ ■ ■ j X]\f) | \r ) p( rn )d rn x T 11 U\ \r,Pd N oi 


N — m 

a r +1 


r,Pd N x • 


The last inequality allows us to conclude from the induction hypothesis 
that oj G Z/(A m_1 ; pG 1 - 1 )d m ~ l x) , and 


(4.30) 



( N\ N-m 

1 1 ^ 1 1 V p( m— l)d m — 1# — ^ 

( a r -\- 1 

\rn ) 


\\U\\r, 


Pd N i 


for some constant C = C(N,m — 1 ,r,P). Using the ” if 7 statement of 
the theorem one more time, we infer that G mtm -iU G L r { A m ; p^d m x ),and 
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\\G rri)m -i(jj\\ r ^™.) d m x < \\uj\\ rp (jn-x) d m-i x . This inequality, together with 


1m—lj. • 


(14.2611 . (14.27R . and (I4.30jl . hnally give that u G L r ( A m ; p^d m x), and 


(4.31) 



□ 


The next theorem shows that any symmetric probability density 
on A N can be approximated in L 1 (A Ar ; d N x) by an arbitrarily close 


symmetric probability density satisfying condition (I4.14p . Moreover, if 
measure dx is finite and P G L°°(A N ; d N x ), then this approximation is 
in L°°(A^; d N x). 


Theorem 4.5. If N > 2 and P is a symmetric probability density 
on A N , there is a sequence ( P n ) of symmetric probability densities on 
A N such that P n satisfies \f.llff) , and P n —>■ P in L 1 (A N ;d N x). If, 
in addition, measure dx is finite, and P is essentially bounded, then 
P n ^ P in L°°(A N -d N x). 

Proof. It suffices to prove the theorem when measure dx is finite, and P 
is essentially bounded. Indeed, since (A; dx) is a-hnite, A = U ™ =1 E n , 
where \E n \ < oo Vn, and E n C E n+1 . Then, by dominated conver¬ 
gence, any symmetric probability density P can be approximated in 
L 1 (A JV ; d N x) by a sequence of symmetric probability densities P n XE n /\\PnXE n \\i,d N xi 
where Xe ti is the characteristic function of the set E n , and P n = 
min{P, n}. 

In accordance with the above comment, suppose that |A| < oo , and P 
is essentially bounded. Then, there is c > 0 such that p< c a.e. on 
A^-i jf Q n ■— maxjp, If then P n := llr , 9 n -is a symmetric proba- 

bility density on A N , and P n —> P in L 1 (A JV ; d N x) by dominated conver¬ 
gence. In addition, since < P - P n < ||P||oo,d^x ( x - 1 /\\Qn\\i,d N x) 
on some co-null set for n large enough, P n —y P in L°°(A JV ; d N x ). 

It remains to check that P n satisfies (14.1411 . For this, we notice that 


(4.32) 
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Also, a.e. on *: 

(jv-i) = J A Qn(-,x N )dx N < P (7V ~ 1} + ~IA| 

(4 33) I \Qn\\l t d N x I \Qn \| l,d N x 

<pM + I|A| < C +-|A|. 

n n 

From (I4.32P and (I4.33P it follows that for every x N G A 

(4.34) P n (-,x N ) > o; n p^ v_1) (-) a.e on A^ 1 , 

with a n := [(n + lA^) (c + A|A|)] 1 . Thus, (14.141) is satisfied by P n 
with A = A, and 7 = a n . □ 
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